Calculus Maximus Notes: 2.1 Tangent Line Problem

§2.1—Tangent Line Problem

Example 1:

a5

i ne

The graph of the function f (x)=3x—x is shown above. How fast isthe graph of f (x) changing at

x=1, that is, what isthe slope of thetangent lineat x=1 ? Using your calculator, evaluate the average
rates of change (slopes of the secant lines) between the point (1, f (1)) and the following points (be sure to
show the difference quotient.

@ (15 f (1.5)) (b) (1.1, f(1.2)) (c) (1.0, f (1.01)) (d) (1.001, f (1.001))

(e) Based upon your mathematical evidence above, how fast isthe graph of f (x) changingat x=1, that
is, what isthe slope of thetangent lineatx=1?
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Example 2:

For f(x)=3x-x",

(a) find the average rate of change between the points (1, f (1)) and (1+h, f (1+h)), where histhe change
in x between our two x-values. Simplify your function, A(h).

(b) What happens to the secant lines between the points (1, f (1)) and (1+h, f (1+h)), ash gets smaller
and smaller?

(c) Evaluate lim A(h) =
h—0

Example 3:
For f (x) =3x—x?, using asimilar method used above, find a general formula for finding the slope of the

tangent line to the graph of f at any point (x, f (x)) using the points (x, f (x)) and (x+h, f (x+h)).
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*Listen closely and you can hear Galileo grumbling in his grave!

The slope function found in the previous example called the derivative function of f (x),or f'(x) (read

as“f primeof x). It can be used to find the slope of the tangent line to a graph at apoint. A function
that has aderivative at a point is said to be differentiable at that point.

TheLimit Definition of the Derivative of a Function

If f(x)isadifferentiable function, its derivative function, f'(x), isdefined to be

f’(x)zrlli_r)rg) f (x+hr)l— f(x)

NOTE: Thereareother notationsfor f'(x). Wewill alsouse y" and Y

dx
These give you avariable function that can be used and reused for different x-values.

Example 4:
Given f(x)=+vx-2
(@) Graph f (x) . Describe what the y-values are doing and how they are doing it.

(b) Find f'(x) using the limit definition of the derivative.

(b) Find the slope of f(x) a(i) x=6 (i) x=16 (i) x=27 (i) x=2.

(c) Describe the values of x for which f (x) is (i) continuous (ii) differentiable.

(d) Write the equation of the tangent line, in Taylor form, to f (x) at x=27.
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Sometimes we might be interested in finding a slope of afunction at a point directly.

Modified form of thelimit definition of the derivative

The numeric value of the derivative of afunction f (x) at apoint (c, f (c)) isgivenas

f,(C):klli_rlg)f(c+hr)]— f(c)

Example5:

X
For f =—),
or f(x) 1

() Find f'(1) directly using the modified definition of the derivative.

(b) Find the equation of the normal lineto f (x) at x=1.

We will be referring to rates of change and slopes quite a bit from here on out. At this time, it’s important
to formally lay out the meanings and distinctions between the two different types of each.

Using 2 paints, (a, f (a)) and (b, f (b)) Using 1 point (c, f (c))
Thefollowing are equivalent: Thefollowing are equivalent:
e Slope of the secant line e Slope of the tangent line
. f(b)-f(a) . Iimf(c+h)—f(c)
b-a h—0 h

e Averagerate of changeontheinterval [a,b] e f'(c)

e Deivativeat x=c
e |nstantaneousrate of changeat x=c
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Example 6:
Each of the following represents the derivative of some function f (x) at some x=c. |dentify the

function f (x) and c for each one.

[5(2+h)2—(2+h)+7}—[5(2)2—(2)+7} tan('zmj—l
@ lim () lim——=— 2
h—0 h h—0
+h
© tim€ ¢ @ flim ")
h—0 h h—0

Remember that if afunction, f(x), hasaderivative at agiven point (x, f (x)) , then the function is

differentiable at that point. We also saw in Example 4 how the function f (x) =+/X—2 was defined (and

continuous) at x =2, but was not differentiableat x=2. It turnsout, being continuous at a point isa
necessary condition for differentiability at the same point, but not sufficient.

I ntuitive definition of Differentiability at a Point

If afunction, f(x), iscontinuous as x=c, thenitisalso differentiable at x=c if the slopes from either
side of x=c are approaching each other and arefinite. That is, if
lim f’(x)=L= lim f’(x)

X—>C x—>ch

In order to check that BOTH the y-values AND the slopes are approaching each other from either side of
X = ¢, we must define anew limit definition of f '(x) as afunction of x, rather than a function of h.

Example 7:
Let f(x) beacontinuousfunction. If f'(x) isgiven be each of the following below, determineif f (x)
isdifferentiableat x=-1.

3X+4, x<-1

) f’(x):{ )

X<, Xx>-1

In(x+2), x<-1
cos(px), x>-1

(b) f’(x)z{
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Alternate for m definition of thederivative

The numeric value of the derivative of afunction f (x) at apoint (c, f (c)) isALSO given as

i F0-1(0)

f'(c)=
(C) X—C X—C

*NOTE 1. thisversion ALSO gives a numeric value, but now the limit isafunction of x. Thisisimportant.
*NOTE 2: rather than letting the distance between our two poinst go to zero, this definition ssmply lets the
second point move closer and closer to our desired point.

Example 8:

Verify Example5, by finding f'(1) for f(x)=i1 using the aternate form.
X+

Example 9:
Each of the following represents the derivative of some function f (x) at some x=c. ldentify the

function f (x) and c for each one.

3 ——
@) ”mw (b) lim M
x->5  X-=5 x>-3  X+3
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Differentiability at a point x=c.

f(x)-f f(x)- f
A function f (x) isdifferentiableat x=c if and only if lim M: L= lim M
X—=>C X=C x—c" X-C

whereL isafinite value.

*This basically says that to be differentiable at a point (c, f (c)) , the graph must be continuous (connected)
first, but must connect in away that the slopes merge into each other smoothly.

SMOOOOOTHLY CONNECTED

Example 10:
Use the definition of differentiability at a point to determine whether the following function is
differentiableat x=1.

f(x)=

-3x+1, x<1
X2 -2Xx-1 x>1

A function that is differentiable at a point is also said, synonymously, to be Locally Linear at that point.
Theideais, that if you zoom in close enough on any differentiable curve at a specific point, that graph will
begin to look more and more and more like its tangent line at that point. IF THE SLOPE OF THAT
LINE EXISTS, the function will be differentiable at that point, and the slope will be its derivative vaue.

Y ou can think, then of a differentiable function to be made up of infinitely many, infinitely small,
connected line segments (rather than dots). Thiswill be an important idea when we study Slope Fields later
on.

Example 11:
Using your calculator, zoom in to determine of the following function are locally linear at the indicated
point.

(@) f(x):e‘r’xatx=—% (b) g(x)=|x-2+1at x=2
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The consequence of local linearity and differentiability being logically equivalent means we have avisual
way to determine whether the graph of afunction is differentiable at a point or not.

Example 12:

Sketch a graph of each of the following, then determine if the function is differentiable at the indicated
point.

@ f(x)=[2x+6| a x=-3 (b) f(x)=%x a x=0
© f(x)=x*°a x=0 (d) f(x)=+v10-x at x=10

Very Important Theorem:

If f isdifferentiableat x=c, then fiscontinuousat x=c.

D->C

Contrapositive of Very Important Theorem:

If f isNOT continuous x=c, thenf isNOT differentiableat x=c.
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It takes MORE than just the slopes to be approaching the same value on either side of a particular x-value
for afunction to be differentiable there. It must first be connected, THEN smoooothly so. One must
ALWAY S be careful with piecewise functions.

Example 13:
2x-1, x<-1 . . . .
For f(x)= , determine of f (x) isdifferentisbleat x=-1 by using
2x+1 x>-1

(a) the aternate form (b) a continuity argument

There is one other form of the definition of the derivative worth mentioning.

Symmetric form definition of the derivative

The numeric value of the derivative of afunction f (x) at apoint (c, f (c)) iSALSO givenas

F(0)=tim fc+ h)z—hf (c—h)

Y our calculator can compute numeric derivatives for you. From your home screen, type in “Math” “8”

Example 14:
Using your calculator, if f (x)=3-6|x+1], find the following

@ f'(-2) (b) f'(0) © f'(-1)

*Your calculator’s answer on 13(c) isR-O-N-G rong! Your calculator is programmed using the symmetric difference quotient. It will lie to you sometimes.
You are the calculator’s boss, not the other way around. Y OU make the final call, Boss!
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